We investigate the routing of vortex beams in nonlocal media by means of coaxial, co-propagating spatial optical solitons. By introducing a refractive index perturbation in the form of a localized defect or a dielectric interface, the soliton waveguide can be curved and, therefore, can deviate the collinear vortex, effectively routing it, while preventing its destabilization and breakup.
Vortex beams encompass phase singularities along an axis on which the amplitude of the electromagnetic field vanishes. These complex beams have intriguing potential applications, e.g., as optical tweezers [1] [2] [3] and in communications [4] . However, in nonlinear media they are subject to azimuthal instabilities that can break them up into two beams with angular momentum, particularly in the self-focusing regime [5, 6] . Since self-focusing is the most common mechanism to compensate diffraction and support self-confinement in the form of propagating spatial solitary waves (hereafter, solitons), a few studies have dealt with the use of solitons to prevent the azimuthal instability and consequent breakup of vortices in nonlocal materials. In these media, a light-driven perturbation of the optical properties exceeds the size of the excitation [7, 8] . Such a response is known to stabilize 2 1D spatial solitons against catastrophic collapse [9, 10] . It was also shown that vortices can remain stable if nonlocality with a transverse range, exceeding the radial size of the beam, is present [5, 11] . Moreover, coaxial, collinear solitons, and vortices in highly nonlocal media, can form vector bound states, thereby allowing for the stable propagation of vortices over long distances, as addressed/predicted with reference to nematic liquid crystals [12] . In the latter configuration with nematicons (i.e., solitons in nematic liquid crystals [13] ), the required degree of nonlocality for the stable propagation of a vortex beam is reduced by an order of magnitude as compared with the case of an independently propagating vortex [12] .
Besides their ability to stabilize vortices, nonlocal solitons are robust and can steer/bend and, thus, form curved dielectric waveguides. This has been experimentally demonstrated, e.g., using refractive index defects and interfaces [13] [14] [15] [16] . The bending of vortex beams, conversely, has never been successfully dealt with to date. A previous case study of vortices and antiguides revealed that antiguides are unable to confine vortices or prevent their breakup [17] . In this Letter, using modulation theory and numerical experiments, we address the possibility of guiding and routing signals in the shape of vortex beams along curved trajectories, exploiting the transverse confinement afforded by nonlocal solitons. To this extent, we consider the simple case of a nonlocal solitary wave, co-launched with a coaxial vortex of weak intensity and deflected/refracted by a refractive index defect/interface. Our results show that guidance and stabilization of the vortex persist even in the presence of a curved soliton path, pinpointing a new, feasible approach to the routing of optical vortices.
We consider the propagation of a bell-shaped spatial soliton and a charge 1 vortex in a generic nonlinear, nonlocal medium with a refractive index perturbation able to bend their (otherwise) straight trajectories. A charge 1 vortex is a toroidal-shaped optical beam with orbital angular momentum. The phase gradient associated with its helical wavefront gives a phase of 2π about the axial singularity, on which the field amplitude vanishes.
Throughout this Letter, we analyze the case of a low amplitude vortex (signal beam) that does not perturb the background refractive index, at variance with the solitary wave, which is trapped in its own graded-index waveguide. In the paraxial, slowly varying envelope approximation, the electric field envelopes u and v of mutually incoherent solitary and vortex wavepackets are governed by the nondimensional equations
where F x; z is the refractive index perturbation and the Laplacian ∇ 2 acts in the transverse x; y plane. For the sake of simplicity, we consider a scalar interaction (leaving out the subtleties of electric field polarizations and cross-modulation) with either a localized index perturbation of Gaussian profile
or a graded-index dielectric interface
The coupled Eqs. (1) and (2) apply to a generic medium, in which nonlinearity is accompanied by a diffusive (i.e., nonlocal) mechanism [18] , and the response is determined by the kernel K. The latter can take various forms, depending on medium and geometry, e.g., a modified Bessel function K 0 in nematic liquid crystals [9, 19, 20] , a logarithmic function in thermo-optic media [21] [22] [23] [24] , and in certain photorefractive crystals [25] . The input soliton (u) and charge 1 vortex (v) at z 0 are co-launched at x y 0 and co-propagate as
where ψ x − ξ u 2 y 2 p , so that the soliton axis is at ξ u ; 0, and r; ϕ are polar coordinates centered on x ξ v and y 0. The soliton has amplitude a u , width w u , and velocity V u and the vortex has amplitude a v w v e −1∕2 ∕ 2 p , width w v ∕ 2 p , and velocity V v . Equations (1) and (2) can be solved numerically and analyzed using modulation theory [12, 20, 26] . For the numerical solutions we used the pseudo-spectral method of Fornberg and Whitham [27] . In the limit of a small amplitude vortex [as assumed in Eq. (2)], without a soliton, the vortex diffracts and loses coherence and its trajectory and profile become distorted by the index perturbation F x; z. When a soliton is co-launched, the associated nonlinear dielectric waveguide plays a crucial role in the signal beam propagation.
The specific medium response will affect the propagation of the signal-soliton pair only in a quantitative way. To elucidate the essential features, here we consider a physically relevant case using the kernel
where r 2 x 2 y 2 and K 0 is the modified Bessel function of the second kind of order 0 [11] . An approximate modulation theory can be developed to predict the evolution of the vortex-soliton pair propagating near the dielectric defect, assuming that both beams retain their forms [see Eq. (5)] as they propagate, with the parameters a u , a v , w u , w v , V u , V v , ξ u , and ξ v depending on z. Ordinary differential equations for these parameters can then be found as variational equations of an averaged Lagrangian formulation of the governing Eqs. (1) and (2) [28] . At variance with other approaches, modulation theory allows the inclusion of the effect of the diffractive radiation shed by the soliton and vortex by solving the linearized equations governing it. With this analytical approach, we find that the steady vortex signal has an
with the steady soliton amplitude and width linked by
Here [20, 26] ). Clearly, while the soliton is unaffected by the vortex, the steady state vortex width [see Eq. (7)] results from a balance between spreading (due to diffraction and intrinsic angular momentum) and the soliton-induced nonlocal refractive index change, eventually trapping the vortex as well. Moreover, as the solitary wave power, proportional to a 2 u w 2 u , increases (decreases), the vortex becomes narrower (wider). In summary, according to modulation theory, if the soliton has large enough amplitude, it gives rise to a refractive potential sufficiently high and wide enough to trap and guide the vortex signal.
We verified these predictions by numerically integrating Eqs. (1) and (2), injecting a signal vortex together with an intense bell-shaped beam able to excite a soliton of sufficient amplitude to remain robustly self-trapped after the interaction with the index perturbation (defect or interface), despite the inevitable radiation losses.
In these experiments, the extra input power (amplitude) associated with a solitary beam of given width, however, enhances its breathing character [9] . Figures 1(a) and 1(c) show the evolution of the vortex in the propagation plane x; z with a Gaussian defect [see Eq. (4)]. Without a soliton, the vortex diffracts and, upon interaction with the index defect, rapidly decays and breaks up [see Fig. 1(a) ]. Conversely, when the soliton is co-launched and deflected by the defect [see Fig. 1(b) ], the vortex is stabilized and guided along a curved path, as in Fig. 1(c) . Clearly, the co-propagating pair is stable and follows a trajectory determined by the nonlocal soliton in the presence of a nonuniform refractive index background, in perfect agreement with the results of modulation theory. Noteworthy, the breathing oscillations in soliton amplitude [see Fig. 1(b) ], due to both the nonsoliton input and the wavepacket interaction with the defect, affect the vortex width and the amount of shed radiation, without hampering its overall robustness [see Fig. 1(c)] . Figure 2 displays the corresponding transverse profile of a vortex signal beam [input as in Fig. 2(a) ] deviated by an index defect. Figure 2(b) shows the vortex at z 100 in the absence of a co-propagating soliton. Visibly, the vortex is destabilized and pulled apart by the refractive perturbation, with a large amount of diffracted radiation. Figure 2(c) , conversely, shows that the signal has retained its vortex structure, although it appears somewhat distorted as it has not reached a steady state after the interaction. Clearly, a collinear soliton of sufficient amplitude not only stabilizes, but also confines and guides the vortex, even in the presence of the defect.
We estimated the effectiveness of this routing strategy by calculating and comparing the amount of power carried out by the signal through a given aperture after a given propagation distance. We set a round aperture wide enough to transmit 95% of the vortex power at the input z 0 and used it to numerically evaluate the transmitted signal at z 100. With reference to the experiments illustrated in Figs. 1 and 2 , the signal transmission was ≈2% in the limit of linear diffraction with no soliton, and ≈60% in the case of guidance by means of a soliton curved by the defect. These results markedly depend on the specific details of the interaction (defect size and proximity, soliton excitation, etc.). In fact, besides the apparent improvement in signal transmission (of order 30) through the use of a nonlocal soliton, the actual transmission in the presence of a perturbation is related to the soliton width oscillations and the correspondingly reduced amount of radiation shed by the signal.
The confinement of vortex signals along a curved path, relying on guided wave propagation along a self-trapped soliton, can be optimized by adjusting the intense input beam, such as the soliton width and amplitude, to the specific index perturbation and location, to the vortex wavelength and size, and to the degree of nonlocality. Numerical solutions show that nonlocal solitons of low amplitude, below a u 0.66, tend to weaken upon steering and lose their trapping ability with respect to vortices. Conversely, high amplitude solitons undergo fast oscillations in width and intensity, eventually enhancing, together with the index inhomogeneity, the modal conversion of the charge 1 vortex into higher order beams. Such a detailed analysis can be carried out on the basis of Eqs. (1) and (2), with reference to specific materials and configurations.
Next, we considered the case of a vortex soliton pair undergoing refraction when crossing a straight interface between two dielectric regions differing in refractive indices, as modeled by Eq. (4). Figure 3(a) shows the angular deviation of a refracted soliton. As known from previous experimental reports in soft matter [16] , it survives the interaction with the interface and propagates robustly with its bell-shaped profile [see Fig. 3(c) ]. Figures 3(b) and 3(d) show the corresponding evolution and transverse profile of a soliton-guided vortex, respectively, confirming that the angular deflection of a signal vortex can be obtained even through simple refraction of the supporting soliton. In this case, the signal transmission at z 100 was ≈44% with the refracted soliton. Total internal reflection of a soliton at a dielectric interface (from higher to lower index of refraction and above the critical incidence) can lead to the large angular deflection of the linear vortex; however, the corresponding dynamics are much richer due to interference effects, as we are currently investigating and will report in the future. Finally, we underline that, although the linear regime for the vortex is an appropriate approximation for a signal beam, its generalization to the nonlinear (vector) case, when both solitary wave and vortex contribute to the index change, is straightforward and will be presented in a forthcoming, extended publication.
In conclusion, using modulation theory and numerical experiments, we studied the confinement and routing of vortex signal beams by means of spatial solitary waves in a generic nonlinear, nonlocal medium, in the presence of either a refractive index defect or a dielectric interface. Whenever the soliton is deviated due to an inhomogeneous index background, the co-launched vortex is not only stabilized against azimuthal instabilities, but also guided and effectively routed along the soliton trajectory, with limited radiation losses. This finding opens up novel avenues for applications of vortex beams in nonlocal nonlinear media. G. A. thanks Alessandro Alberucci for useful discussions. This work was supported in the UK by the Royal Society of London under grant IE111560.
